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Abstract. A Banach space has the weak fixed point property if its dual space 
has a weak* sequentially compact unit ball and the dual space satisfies the weak* 
uniform Kadec-Klee property; and it has the fixed point property if there exists 
e > such that, for every infinite subset A of the unit sphere of the dual space, 
A U {—A) fails to be (2 — £)-separated. In particular, i?-convex Banach spaces, a 
class of spaces that includes the uniformly nonsquare spaces, have the fixed point 
property. 

Determining conditions on a Banach space X so that every nonexpansive mapping 
from a nonempty, closed, bounded, convex subset of X into itself has a fixed point 
has been of considerable interest for many years. A Banach space has the fixed 
point property if, for each nonempty, closed, bounded, convex subset C of X, every 
nonexpansive mapping of C into itself has a fixed point. A Banach space is said to 
have the weak fixed point property if the class of sets C above is restricted to the set 
of weakly compact convex sets; and a Banach space is said to have the weak* fixed 
point property if A is a dual space and the class of sets C is restricted to the set of 
weak* compact convex subsets of X. 

A well-known open problem in Banach spaces is whether every reflexive Banach 
space has the fixed point property for nonexpansive mappings. The question of 
whether more restrictive classes of reflexive spaces, such as the class of superrefiexive 
Banach spaces or Banach spaces isomorphic to the Hilbert space i^, have the fixed 
point property has also long been open and has been investigated by many authors 
[HI [HI [151 [17] . Recently, J. Garcia- Falset, E. Llorens-Fuster, and E.M. Mazcunan- 
Navarro [7] proved that uniformly nonsquare Banach spaces, a sub-class of the su- 
perrefiexive spaces, have the fixed point property. In this article, it is shown that the 
larger class of i?-convex Banach spaces have the fixed point property. The E'-convex 
Banach spaces, introduced by S.V.R. Naidu and K.P.R. Sastry [18], are a class of 
Banach spaces lying strictly between the uniformly nonsquare Banach spaces and the 
superrefiexive spaces (see also [T]). 

The second geometric property of Banach spaces that is considered in this article 
is the weak* uniform Kadec-Klee property in a dual Banach space. A dual space X* 
has the weak* uniform Kadec-Klee property if, for every e > 0, there exists 6 > 
such that, if (x*) is a sequence in the unit ball of X* converging weak* to x* and the 

separation constant sep(a;*) =^ inf{||x* — x^\\ : m n} > e, then ||a;*|| < 1 — 6. It is 
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well-known that, if X* has weak* uniform Kadec-Klee property, then X* has the 
weak* fixed point property. If, in addition, the unit ball of X* is weak* sequentially 
compact, more is true: Theorem [3] notes that, if X* has weak* uniform Kadec-Klee 
property and the unit ball of X* is weak* sequentially compact, then X has the 
weak fixed point property. As a consequence of Theorem [3l it is noted that several 
nonrefiexive Banach spaces such as quotients of cq and C(T)/Ao, the predual of H^, 
have the weak fixed point property. 

Since the proofs of the main theorems in this paper will require elements of the proof 
that uniformly nonsquare Banach spaces have the fixed point property, a complete 
proof of this known result is presented. The proof presented here is a distillation of 
the original proof and combines elements from [5,, Th. 2.2] and [71 Th. 3.3]. Recall 
that a Banach space X is uniformly nonsquare [10] if there exists 6 > such that, if x 
and y are in the unit ball of X, then either ||(a; + ?/)/2|| < 1 — 6 or — ?/)/2|| < 1 — 6. 

The general set-up in proving that a Banach space has the weak fixed point property 
has, by now, become standard fare. If a Banach space X fails to have the weak fixed 
point property, there exists a nonempty, weakly compact, convex set C in X and a 
nonexpansive mapping T : C —>■ C without a fixed point. Since C is weakly compact, 
it is possible by Zorn's Lemma to find a minimal T-invariant, weakly compact, convex 
subset K oi C such that T has no fixed point in K. Since the diameter of K is 
positive (otherwise K would be a singleton and T would have a fixed point in K), 
it can be assumed that the diameter of ii' is 1. It is well-known that there exists an 
approximate fixed point sequence for T in K and, without loss of generality, we 
may assume that (x„) converges weakly to 0. For details on this general set-up, see 
P Chapter 3]. 

Theorem 1 ( Garcia- Falset, Llorens-Fuster, and E.M. Mazcunan-Navarro [7]). Uni- 
formly nonsquare Banach spaces have the fixed point property for nonexpansive map- 
pings. 

Proof. Assume that a Banach space X fails to have the fixed point property. Since 
uniformly nonsquare spaces are reflexive [10], the fixed point property and the weak 
fixed point property coincide for X. Therefore there exists a nonexpansive map 
T : K ^ K without a fixed point where is a minimal T-invariant set in X with 
diameter 1. Let (xn) be an approximate fixed point sequence for T in K and assume 
that (x„) converges weakly to 0. 

Consider the set in £°°(X)/co(X) defined by 

\yV] = { [zn] G [K] : II [2;^] — [xn]\\ < 1/2 and limsuplimsup 11^;^ — -2„|| < 1/2}. 

n m 

It is easy to check that [W] is closed, bounded, convex, nonempty (since [|a;„] is 

in the set), and [T]-invariant where [T][2„] =^ [T(z„)]. So, by a result of Lin [T3] . 
sup \\[zn] — x|| = 1 for each x E K. In particular, with x = 0, sup ||[-2n]|| = 1 . 
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Let e > and choose [zn] G [W] with > 1 — e. Let {yj) = (zn^) be a 

subsequence of (z„) such that hm||?/„|| = and (?/„) converges weakly to an 

element y in K. There is no loss in generality in assuming that \\yn\\ > 1 — £ 
for all G N and in choosing y* G X* so that |||/*|| = 1, yniVn) = WVnW, and 
(l/*) converges weak* to y*. (This is possible because the fixed point property is 
separably-determined [8l page 35]; so there is no loss in generality in assuming that 
Bx* is weak*-sequentially compact.) 

From the definition of [W] and the weak lower semicontinuity of the norm, it follows 
that, if n is large enough, 

Ibn - y|| < hminf - y^ll < and < liminf - < . 

m Z J Z 



Therefore, with ?i„, = —(?/„- y) and u = —^y, 

\\Un + u\\ - 



2 2 

-ivn-y) + T—y 



2 „ „ l-£ 

yj > 2- > 2(1 - 2e) 



1 + 1 + e 



if n G N is large enough. Applying the weak lower semicontinuity of the norm again, 
it follows that 

liminf ||(u„ — Um) + ^^|| > \\un + ^^|| > 2(1 — 26) 

m 

if n G N is large enough. So, by taking another subsequence if necessary, we can 
assume that ||m„ + u\\ > 2(1 — 2e) and ||(u„ — Um) + u\\ > 2(1 — 2e) for all n and all 
m > n. 

Furthermore, since y^^ ^ y*, 

liminf ||(u„ — Um) — u\\ = liminf \\{um + u) — u„|| 

m m 

> liminf y^Uu-m + u) - m„) 

m 

= liminf + u\\ - y*,Xun)) 

m 

> 2{l-2e)-y*{un). 

Then, since m„ 0, it follows that liminf^ \\{un — Um) — u\\ > 2(1 — Se) if n is large 
enough. Therefore, for n large enough and m > n also large enough, both 

\\{un - Um) + u\\ > 2{1 - 3e) and || (m„ - u^) - m|| > 2(1 - Se) 

hold. Since e > is arbitrary, — Um\\ < 1, and \\u\\ < 1, the above inequalities 
imply that X fails to be uniformly nonsquare, a contradiction which finishes the 
proof. 

□ 

We want to refine the sequences (x„^), (yj), and (y*) that appear in the proof of 
Theorem [TJ Recall the result of Goebel and Karlovitz [Hi page 124]: If is a minimal 
T-invariant, weakly compact, convex set for the nonexpansive map T and (x„) is an 
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approximate fixed point sequence for T in tlien tlie sequence (||x„ — x||) converges 
to tlie diameter of K for every x in K. 

Fix e > and set Xi = x^, yi = Vi, and = y*. Then, by the Goebel-Karlovitz 
Lemma, there exists ji > 1 such that min{||xi — a;„^.J|, \\yi — a^n^JI} > I — £■ Set 
^2 = Xn^^ , y2 = yji , and = • Another apphcation of the Goebel-Karlovitz 
Lemma yields j2 > ji such that min{ ||5;j — Xn^^ \\ ,\\yi — Xn^,^ || } > 1 — e. Set x^ = Xn^^ , 

— yj2^ ^3* = yj2- Continuing in this manner, we obtain sequences (xn) and 
in K (and Bx) and a sequence (y*) in S'x* satisfying min{||5;i — 5;„||, — 5?n||} > ^ — ^ 

i<n 

for all n G N and yn^JJn) = \\yn\\ > 1— e for all n G N . In the following, these sequences 
are renamed by omitting the tildes. The following result is a summary of several easy 
computations. 

Lemma 2. Let X be a Banach space whose dual unit ball is weak* sequentially 
compact and assume that X fails the weak fixed point property. Given e > 0, there 
exist sequences {yn) in Bx and (y*) in Sx* and elements y G Bx and y* G Bx* 
satisfying: 

yn^y and y„ ^ y ; 

(2) For every n G N, 1-e < = y^d/n) < 1; 

(3) For every n G N, < ?/*(?/) < \\y\\ < 

(4) i^<||y„-y||<l±i; 

(5) Ifn ^ m, then ^ < - ym\\ < 

(6) Ifn ^ m, then < ^^(y^) < if^; 

(7) < y*{y) < 

Proof. Claims ([1]) and ([2]), the third inequality in Q, and the second inequalities in 
(jl]) and ([5]) are immediate from the proof of Theorem [H Then 



\y\\ > y*n{y) = yliyn) - yliyn -y)> {i-e)- = —77— 



proving ([3]). 
Also 



\yn - y\\ > y*n{yn -y) = \\yn\\ - y*n{y) >(!-£)- = 



which finishes the proof of (jlj). 
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From our refinement of (xn) and (?/„) done just prior to tlie lemma and tlie definition 
of [W] in tfie proof of Tlieorem[Tl if n > m, 

^ 1 1 Xn Vm II II Vn Xn \ \ 



>il-e) 

I -36 



l + e 



sliowing that ([5]) holds. 

The lower inequality in ([6]) follows from ([2]) and ([5]): If n 7^ m, 

1 - ^ < VniVn) = VniVn " Vm) + Z/^,(l/m) < WVn " Z/m|| + VniVm) < + l/^(l/m) • 

Therefore, if n 7^ m, < yniUm)- 

In order to show the upper inequahty in ([6]), we consider subsequences of the 
sequences and (y*) obtained so far. Note that all of the previous conditions 
will remain true for subsequences of the current (?/„) and (y*). Let yi = yi and 
y* = yl- Since (?/„) converges weakly to y and ^^-^ < yliy) < there exists 
rii en such that, ii n > n^, ^ < < ^f. Set ^2 = Z/m and tj; = yl^. 

Since converges weakly to y and < yn^iy) < there exists n2 G N such 
that, if n > n2, < yl^iyn) < Set ^3 = yn^ and y^ = y^^. Continuing in this 
manner generates sequences (y„) and (y*) satisfying conditions (l)-(5) and satisfying 
y*{%jm) < if < m. Again, we simplify the notation by considering these new 
sequences but omitting the tildes in the notation. 

To show the upper inequality in ([6]) for n > m, first combine ([3]) with the weak* 
convergence of (y*) to y* to obtain ([7]). Then, since (?/„) converges weakly to y, there 
is no loss in generality in assuming that y*{yn) < for all n E N. In particular, 
y*{yi) < Therefore, since (y*) converges weak* to y*, there exists rii G N such 

that, if n > ni, y*{yi) < Setting yi = yi, y^ = yl, y2 = y^, and y^ = yl^ 

gives y2{yi) < Then, since y*{jj2) < and (y*) converges weak* to y*, there 

exists n2 G N such that n2 > rii, and, if n > ?t,2, 1/^(^2) < Set y^ = yn^ and 

yS ~ yn2- Continuing in this manner generates sequences {yn) and {y*) satisfying all 
of the conditions of the lemma. 

□ 



As a consequence of these computations, we have the following 

Theorem 3. Let X be a Banach space such that Bx* is weak* sequentially compact. 
If X* has the weak* uniform Kadec-Klee property, then X has the weak fixed point 
property for nonexpansive mappings. 
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Proof. If X fails to have the weak fixed point property, consider the sequences 
and (y*) determined in Lemma [2J In particular, note that ||?/*|| = 1 for all n G N 
and that (y*) converges weak* to y*. Note also that, if n 7^ m, 

iy*n - y*m){yn - ym) = y*n{yn) - y*n{ym) - y*m{yn) + y*m{ym) 

> (1-^) — ^ ^ + (1-^) 

= l-Ae 

It follows that 

2>iii/:-i/;ii>(i/:-i/;) f/^^) >-^fi^ = 2i^>2-io.. 

\\\yn-ym\\J (l + £:)/2 l + e 

Thus, if £ < (y*) is a sequence in the unit sphere of X*, (y*) converges weak* to 
?/*, and sep{?/*} > 1. Therefore, by the weak* uniform Kadec-Klee property of X*, 
there exists 5 > such that 

(*) \m<i-5. 

But, by ©and (CD, 

1 — , , . ... l + e ., ... 

— ^ — <y [y)< \\y\\ \\y \\ < \\y \\ ■ 

Therefore, if e < min { 3^, |} 

II *ii 1-35 ^ ^ ^ _ 
y > ^— > I- As > 1-5, 

a contradiction to (*). Therefore X has the weak fixed point property for nonexpan- 
sive mappings. □ 

Of course the theorem implies that cq with its usual norm has the weak fixed 
point property which was a result first proven by Maurey [16]. Since has the 
weak* uniform Kadec-Klee property [2], its predual C{T)/Ao has the weak fixed 
point property by this theorem. In the same manner, since Ci{H), the ideal of trace 
class operators on a Hilbert space H, has the weak* uniform Kadec-Klee property 
[12], its predual Coq{H), the ideal of compact operators in B{H), has the weak fixed 
point property. Since quotients of Banach spaces with weak* sequentially compact 
dual unit balls have weak* sequentially compact dual unit balls [4, page 227], it is 
easy to check that the following holds. 

Corollary 4. Let X be a Banach space such that Ex* is weak* sequentially compact. 
If X* has the weak* uniform Kadec-Klee property and Y is a closed subspace of X , 
then X/Y has the weak fixed point property for nonexpansive mappings. 

We note that the corollary implies that the quotients of cq have the weak fixed 
point property. This is implicit in the work of Borwein and Sims [3] . 
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The authors had hoped that the sequences identified in Lemma [2] would be useful 
in establishing connections between superreflexive Banach spaces and the fixed point 
property for nonexpansive mappings. Consider the sequences generated in Lemma 
[2] for each e = ^, k E N. That is, for each k E N, let {yk,n) and (yln) denote the 
sequences and (y*) constructed in Lemma [2] with e = |; let yk,oo denote the 
weak limit of the sequence {yk,n)', and let y^. ^ denote the weak* limit of the sequence 
{yl . For a non-trivial ultrafilter U on N, let Xu denote the ultrapower of X with 
respect to U. (For information on ultraproducts in Banach space theory, see [9] or 
[20].) Define sequences (y„) in X^, (y*) in {X*)u, and the point y in Xu by 

Yn = {yi,n, y2,n, l/3,n, " " " )w ! 

Yn = ivln, yln^ Vln^ " " " )w , and 
y = (Z/l,oo, l/2,oo, l/3,oo, ■■ ■)u ■ 

The pair of sequences (2(y„ — y)) and (y*) forms a biorthogonal system of norm-one 
elements in Xy and {X*)i( and, for each sequence of nonnegative real numbers, 
II Yl^=i ^riYnW = Yl^=i ^n- Moreover, as is clear from the proof of Theorem [3l ||yj^ — 
y*|| =2 for all m ^ n. Initially, the authors felt that, if X was a renorming of 
this "positive £^-type behavior" should not occur in {X*)u since {X*)i( would also be 
a renorming of a Hilbert space. However, as first pointed out to us by by Professor 
V.D. Milman, there do exist renormings of with this behavior. A second example 
resulted from a discussion with Professors A. Pelczyhski and M. Wojciechowski. In 
fact, every infinite-dimensional Banach space can be renormed to exhibit this ^^-type 
behavior for nonnegative linear combinations. To see this, let in X x X* be 

a biorthogonal system with = 1 and ||x*|| < 2. (Such a biorthogonal system 
exists by applying a theorem of Ovsepian and Pelczyhski [H page 56] to a separable 
subspace of X and then extending to functionals on all of X via the Hahn-Banach 
theorem.) Then |||x||| = max{|x*(x)|, sup (|a;*(x)| + |a;*(x)|)} defines an 

equivalent norm on X with 1 1 |xi + x„| 1 1 = 1 and 1 1 1 Yl^=i (^n{.Xi + x„) 1 1 1 = Xl^i 
if ttn ^ 0. (For related examples, see Example 3.13 in [18] and Theorem 7 in |llj.) 

Despite the above disappointment, the sequence (y*) in {Xu)* or the sequences 
(j/*) in X* for a given e in Lemma [2] can be used to generalize Theorem [TJ A subset 
A of X is symmetrically e-separated if the distance between any two distinct points 
of A U {—A) is at least e and a Banach space X is 0-convex if the unit ball Bx 
contains no symmetrically (2 — £:)-separated subset of cardinality n for some e > 
and some n G N [18\. 0-convex spaces are superrefiexive. Therefore the proof of 
Theorem [3] combines with property (3) in Lemma [2] to show that, if X fails to have 
the fixed point property, then, for every e > 0, there exists a countably infinite set 
A = {yl, 1/2) ■ ■ ■ } in the unit sphere of X* such that A U {—A) is (2 — £:)-separated. 
In particular, this implies: 
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Theorem 5. IfX* is O -convex, then the Banach space X has the fixed point property 
for nonexpansive mappings. 

Since uniformly nonsquare Banach spaces are 0-convex, Theorem [5] is a general- 
ization of Theorem [H Naidu and Sastry [18] also characterized the dual property to 
0-convexity. For e > 0, a convex subset A of Bx is an e-flat if A fl (1 — e)Bx = 0- 
Note that the convex hulls of the sets {yl,y2, ■ ■ ■ } from Lemma [2] are 3e-flats. A 
collection T> of e-flats is jointly complemented if, for each distinct e-flats A and B in 
T>, the sets An B and A fl {—B) are nonempty. Define 

E{n,X) = infje: : Bx contains a jointly complemented collection of e-fiats of cardinality n}. 

A Banach space X is E-convex if E{n,X) > for some n E N. In [2lJ, S. Saejung 
noted that ii^-convex spaces may fail to have normal structure and asked if E convex 
spaces have the fixed point property. Since a Banach space is ii^-convex if and only 
if its dual space is 0-convex, Theorem can be restated to give a positive answer to 
Saejung's question. 

Theorem 6. E-convex spaces have the fixed point property for nonexpansive map- 
pings. 

For a detailed analysis of 0-convex, i?-convex, and related properties in the hier- 
archy between Hilbert spaces and reflexive spaces, see fU. \TE\ Ul]. 
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